In this paper, we develop a general framework that can be used to analyze the longterm relationship between disasters and economic growth. We first establish the basic existence and equivalence results. We then apply the framework to a twosector endogenous growth model to consider the inuence of disasters on the longterm equilibrium. We also character ize the transition phase. The results show that different types of disasters play significantly different roles. We identify various channels through which the risk of disasters and long term economic performance are positively correlated. This finding provides a theoretical basis for recent empirical evidence. However, care should be taken with the interpretation of disasterdriven economic growth because many of the channels identified are accompanied by a welfare decline. Using an extensive comparative statics analysis, we present a number of testable hypotheses for future empirical research.
Introduction
In the long run, the risk of disasters may have a positive impact on economic growth. Al though somewhat counterintuitive, that is what recent empirical findings tell us. The seminal study by Skidmore and Toya (2002) , for instance, finds that the frequency of climatic dis asters 1 is positively correlated with longterm economic growth. A higher risk of disasters also facilitates human capital accumulation and productivity growth. Their results, which are based on a crosscountry analysis over the period 1960 to 1990, provide a stark contrast to those analyses using shortrun data. For instance, the shortrun economic impacts that directly follow disasters are generally negative, as demonstrated by Raddatz (2007) and Noy (2009) . Sawada et al. (2011) confirm these findings in a more recent study by examining the economic implications of a wide range of natural and manmade disasters. Their em pirical analysis suggests that while the incidence of disasters negatively affects per capita consumption in the short run, the longrun impact is significantly positive for some types of disasters.
Despite growing evidence of a nontrivial relationship between disasters and economic growth, existing economic analysis omits the systematic treatment of disasters. In particular, there is no rigorous framework available for a wide range of economic models. The present paper fills this gap by augmenting the standard framework of economic growth. Our analy sis starts with dynamic optimization theory, one of the most important tools in the modern economic growth literature. Into this, we introduce the risk of disasters within a canonical discretetime infinitehorizon optimization problem. We then establish a basic existence re sult in a fairly general form by reformulating the stochastic optimization problem into an associated deterministic problem. This reformulation significantly simplifies the analysis while maintaining the generality of the problem. Hence, the strategy we develop in this analysis will also be useful in other settings.
Equipped with this general framework, we then demonstrate how it can be used to investi gate problems of interest. For example, one suggested explanation for the existing empirical findings is that disasters affect the relative return on capital investment (Skidmore and Toya, 2002) . In turn, this explanation is based on the fact that some types of disasters are primarily destructive in terms of physical capital. For instance, the damage from storms is intensive in terms of physical capital, whereas extreme temperatures or droughts have a greater effect on human capital. return on capital investment may be tilted in favor of human capital, which is likely to boost economic growth. In addition, if some inefficiency remains in the economy, the destruction of physical capital itself can improve longterm economic performance. By destroying old factories and roads, disasters allow new and more efficient infrastructure to be built, provid ing an opportunity for the economy to transform itself into a more productive one in the long run. We examine these possibilities by applying our theoretical framework to a twosector endogenous growth model à la Lucas (1988) . In this, the existence and uniqueness of a bal anced growth path is readily established, along with the necessary and sufficient condition. We fully characterize the longterm equilibrium as well as the transition phase.
Disasters affect the longterm performance of the economy in a number of nontrivial ways. Our analysis shows that as long as the damage is restricted to the stock of physical capital, the longterm growth rate is not affected at all. We regard this result as providing the oretical support for the current empirical findings. Given that the degradation of efficiently accumulated physical capital is, at the least, not harmful, the destruction of inefficiently in vested physical capital could improve the growth rate in the long run. Moreover, even if there is no inefficiency, physically destructive disasters can improve the economic growth rate when the economy remains in transition to the longterm equilibrium. This result cap tures another suggested channel in which a change in relative return plays an important role. These features of our model are largely consistent with existing empirical observations. However, we also find that the latter result crucially depends on the substitutability between physical capital and effective labor. Hence, in future empirical studies, the technological characteristics of the economy should be considered, along with the type of disaster.
In addition, our theoretical framework allows us to identify yet another possible driver behind the supposed disaster-growth relationship, namely, the stochastic nature of disaster matters. If the timing of disaster is unpredictable, economic growth may be sped up, even if the damage is not biased against physical capital. Faced with potential disasters in the future, the optimal policy requires that the available resources should be reallocated from the accumulation of physical capital to the development of human capital. This results from the consumptionsmoothing motive in that more frequent disasters lower the expected level of future consumption. Unless consumption is highly substitutable over time, such a dismal expectation is counteracted by investing more in human capital and saving more for future consumption. This precautionary saving then spurs economic growth in the long run. What is indicated by this finding is that the high economic growth rate resulting from disasters may only be achieved at the cost of suppressed consumption by the present generation. Therefore, the welfare implications of the apparently positive disaster-growth relationship should be interpreted with some care. Our analysis also presents a new perspective on crosscountry differences in longrun economic performance. It is widely known that the economic growth rates differ significantly across different countries. 3 While the observed difference is largely attributed to the different levels of physical and human capital between countries, the fundamental cause that underlies this observation is not well understood. Given the fact that countries are exposed to different types of disasters of dissimilar frequency (Table 1) , establishing the formal link between disasters and economic growth opens up the possibility of partly explaining these cross country differences at a fundamental level.
The main contributions of our paper are twofold. First, we extend the general framework of a dynamic optimization problem in such a way that the risk of disasters can be taken into account. In the deterministic setting, the basic existence and uniqueness results have been discussed by Alvarez and Stokey (1998) and Le Van and Morhaim (2002) , among others. We take advantage of these existing results by not directly addressing the stochastic optimization problem, but rather working with the 'equivalent' deterministic problem. Once we reformu late this as a deterministic problem, we can apply the wellestablished tools of deterministic optimization theory in analyzing the solution of the stochastic problem. The strategy we employ in the present paper therefore broadens the scope of dynamic optimization theory without making the analysis unnecessarily complicated. Second, in the twosector endoge nous growth model, we provide a full characterization of the optimal solution and present a number of testable hypotheses using a comprehensive comparative statics analysis. Ikefuji and Horii (2012) analyze a similar model, but in quite a different context in that their focus is not on the disaster-growth relationship per se, but rather on pollutioninduced disasters and pollution control. In their analysis, the risks of disasters are modeled as idiosyncratic shocks to capital stocks, and hence, stochasticity is missing at the aggregate level. As we demonstrate in this paper, an important channel of the disaster-growth interplay emerges in the presence of aggregate uncertainty.
The rest of the paper is organized as follows. Section 2 develops the general framework and presents the existence and equivalence results. With the analysis of the balanced growth path in mind, we also describe how the framework can be applied to the twosector endoge nous growth model. In Section 3, we prove the existence and uniqueness of the balanced growth path and discuss its properties. In particular, we highlight the impact of disasters on the longrun growth rate. Section 4 examines the economy off the balanced growth path and clarifies how the transition phase is inuenced by the presence of disasters. Section 5 concludes the paper.
The model
We consider an infinitehorizon discretetime model. Periods are indexed by t ∈ Z ++ := {1, 2, ...}. By period t, we take the mean of the time interval from t − 1 up to t. We describe the economy in an aggregate fashion. The set of all feasible stock paths is characterized by transition correspondence y ∈ Γ(x), where x ∈ R n + and y ∈ R n + are ndimensional vectors of capital stocks at the beginning and the end of each period, respectively. We denote the oneperiod return function by R(x, y), which is weighted over time by discount factor β ∈ (0, 1). The dynamic optimization problem of this form has been extensively studied in the literature. See Le Van (2006) for a comprehensive treatment. We extend this general framework by considering two distinct types of disasters: historical and periodic.
Historical disasters
Historical disasters catch us by surprise. They are generally unpredictable and, once they occur, have substantial impacts on the economy through the destruction of capital stock. To capture this feature, we assume that the occurrence of historical disasters follows a Bernoulli process with probability λ ∈ (0, 1). This implies that the probability of a historical disaster first affecting the economy at time T is given by (1 − λ)
T −1 λ. For simplicity, we assume that historical disasters destroy all types of capital by the same proportion. To be more precise, only a fraction α ∈ (0, 1) of capital stock survives each occurrence of disaster so that the capital stock becomes αx instead of x. A decision is made in each period after the current uncertainty is resolved. If x t is the capital stock at the end of period t, for instance, the economy at the beginning of period t + 1 has D t x t , where D t ∈ {1, α} is a random variable following the Bernoulli process. Decision making is contingent upon a realized path of historical disasters. We denote the history of disasters up until period t by
Let X be the xprojection of the effective domain of R given Γ. To be more precise, X is a subset of R n + such that x ∈ X implies R(x, y) > −∞ for some y ∈ Γ(x). The dynamic optimization problem is then formulated as
where E is the expectation operator and we put x 1 (D 0 ) := x 1 . This planning problem is only meaningful if the optimal solution exists. Hence, we first need to show that problem (1) has a solution. Nonetheless, directly working with the stochastic optimization problem requires complicated assumptions.
To establish the existence result in a simpler and more transparent fashion, we reformu late the stochastic problem into a much simpler deterministic form. We can achieve this by introducing a couple of innocuous assumptions. To ease the notation, we denote the graph of Γ by
The interior and the boundary of graph(Γ) are denoted by int(graph(Γ)) and bd(graph(Γ)), respectively.
Assumption 1 requires that the graph of Γ be a cone, which is consistent with many economic models. The homogeneity requirement in Assumption 2 is also satisfied by the commonly used class of utility functions. Under these assumptions, the stochastic optimiza tion problem (1) can be rewritten as an associated deterministic problem.
Lemma 2.1. Under Assumptions 1 and 2,
for each x ∈ X, whereβ
The proof is tedious and so is relegated to Appendix A.1. This equivalence result makes our task significantly easier. As the deterministic problem (3) is well understood in the literature, we can now apply the powerful tools established in the deterministic optimization theory in analyzing the solution of the original stochastic problem (1) . Our analysis hereafter is thus primarily focused on the deterministic formulation (3). Accordingly, we say that a path {x t } ∞ t=1 is feasible from x ∈ X if x 0 = x and x t ∈ Γ(x t−1 ) for all t ∈ Z ++ . We will later discuss how the optimal paths of the two different formulations are related.
Now that the problem is given as a familiar deterministic optimization problem, the ex istence result is in order. Before proving the existence of the optimal path, we note that the effective discount factorβ defined in (4) can be greater than unity when θ < 0. This does not cause a problem in the present context because, as in the case of a homogeneous utility function, the return function is assumed to be bounded from above when θ is negative. With this remark in mind, we can appreciate that the following assumptions are reminiscent of those in Le Van (2006) : Assumption 3. Γ is compactvalued and continuous. Assumption 4. graph(Γ) is convex, R is smooth on int(graph(Γ)), θ 6 = 0, and
Assumption 3 is standard, which ensures that the set of all feasible paths is compact in the product topology. Assumption 4 combined with Assumption 2 imply that R is concave on graph(Γ) and strictly concave on int(graph(Γ)). 4 With Assumption 5, the objective function in (3) is upper semicontinuous in the product topology on the set of all feasible paths. 5 We note that Assumption 5(a) can be replaced with a more familiar condition. By Assumption 1, there exists a positive constantγ > 0 such that kyk ≤γ kxk for any (x, y) ∈ graph(Γ). 
While simpler at first glance, what is exactly required by this condition is not easy to grasp in this general form. We elaborate on this point once we specify the model further. For the moment, we present the following basic result.
Proposition 2.1. Under Assumptions 1-5, (a) there is an optimal policy function g : X 7 → X of the deterministic problem (3), and (b) g is also an optimal policy function of the original stochastic problem (1).
Proof. (a) The existence of g follows from Proposition 2.2.1 of Le Van (2006) . (b) Given that g solves (3), it satisfies the Bellman equation
for each x ∈ X. By Lemma 2.1 above, V is also the value function of the original stochastic problem (1). This means that V also satisfies the following Bellman equation:
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Fix z ∈ int(graph(Γ)) and twice differentiate both sides of R(kz) = k θ R(z) with respect to k. Evaluated at k = 1, this yields z,
where h·, ·i is the inner product. This means that the Hessian of R is negative definite, which implies the strict concavity of R on the interior. The concavity on the entire domain then follows from the continuity of R. See Lemma 2.1.4 of Le Van (2006) .
Notice that V is homogeneous of degree θ. Hence
which implies that (8) and (6) are equivalent for each x ∈ X. Therefore, g is an optimal policy function of (1).
This result is quite useful. It states that equivalence holds between the deterministic and stochastic formulations, not only in terms of the value function, but also for the policy function. Focusing on the optimal policy of the deterministic problem hence proves to be sufficient for the characterization of the optimal path of the original stochastic problem. We should mention, however, that a realization of the optimal path in the stochastic model, which depends on the corresponding realization of disaster history, does not necessarily replicate the deterministic optimal path. We return to this issue later.
Periodic disasters
Historical disasters are unpredictable and destroy various types of capital all at once. At a smaller scale, however, the economy is also facing more frequent and predictable disasters. We refer to these as periodic disasters. We model this type of disaster as a certain non stochastic event in each period. Although not completely satisfactory, this simplification is reasonable, at least at the aggregate level. In particular, if we assume that the time interval of each period is sufficiently long, the perperiod frequency of disasters can be equalized over time. If this is the case, we know in practical terms how much capital will be destroyed in the next period. One of the biggest advantages of this approach is that the model becomes highly exible. For instance, modeling periodic disasters in this manner enables us to capture the fact that different disasters destroy different types of production factors. For example, some types of periodic disasters, such as droughts, may be particularly destructive in terms of human capital. Others, such as storms, may be more devastating in terms of physical capital.
To formalize the idea, we provide the model with a structure. More precisely, we now specify the model as a twosector endogenous growth model à la Lucas (1988) . Let F (k, l) be the production function of final goods, where k is the physical capital stock and l is effective labor. The total amount of raw labor input is assumed to be constant and normalized to one. Denoting the stock of human capital by B, effective labor is given by l = B(1 − n), where 1 − n ∈ [0, 1] is the amount of raw labor used for the production of final goods. The accumulation dynamics of physical capital is then given by
where C t is consumption in period t. Here, 1 − δ ∈ (0, 1) represents the destructive magni tude of periodic disasters on physical capital, whereas 1 − ζ ∈ (0, 1) captures their impact on human capital. Note that physical capital fully depreciates in each period. This is consistent with our assumption that each time interval is taken to be sufficiently long. The production function in the human capital sector is specified as G(l) = ηl, where l = nB is the effective labor input and η > 0 is the productivity coefficient. As with physical capital accumulation, we assume that human capital fully depreciates in each period. 7 The accumulation process of human capital is then governed by
Note that ζ, the fraction of human capital that survives periodic disasters, appears here as well. 8 We specify the oneperiod utility as
for some θ < 1. Note that 1 − θ > 0 is the elasticity of marginal utility. In dynamic settings, a more sensible interpretation of θ is that 1/(1 − θ) represents the elasticity of intertemporal substitution. For θ = 0, the utility function is specified as u(C) := ln(C), which is obtained as the limit case of (13) for θ → 0. Although Assumption 2 is not satisfied by the logarithmic function, we can apply the same equivalence result by simply setting θ = 0 and henceβ = β. See Appendix A.2 for details. 7 Because the time interval is assumed to be very long, n = 0 implies there is no investment in education over a long period of time, perhaps decades or more. Such a prolonged absence of educational investment will make it difficult for people to learn efficiently from the past. 8 Alternatively, we could model the humanrelated damage as a reduction of raw labor, instead of human capital, by assuming that the total amount of raw labor is ζ < 1. This implies that raw labor is negatively affected by disasters at the beginning of each period, but is fully recovered by the end of the period. The production functions (10) and (11) are then modified as
respectively. This does not affect the return function of the reduced form and hence does not change our results.
We now consider the following stochastic optimization problem:
Defining the return function and the transition correspondence by
and
respectively, this problem may be written as (1) . Notice that we have not specified the pro duction function F yet. To make the model fully consistent with the above assumptions, we require F to satisfy the following assumption:
Assumption 6. F : R 2 + 7 → R + is smooth, concave, and homogeneous of degree one with
for all k > 0 and l > 0.
It should be easy to verify that under Assumption 6, the growth model at hand satisfies Assumptions 1-4. Provided that Assumption 5 also holds, we can apply Proposition 2.1 and rewrite (14) as the associated deterministic growth model:
For the sake of completeness, we provide two sufficient conditions for Assumption 5. One obvious approach is to deriveγ in (5) and use the inequality (5) as a sufficient condition. In the present context,γ is given bȳ
Although this approach will certainly work, checking the condition is not straightforward becauseγ is not expressed in terms of the primitives. We can derive an alternative and potentially more useful sufficient condition as follows. Note first that from (10) and (11), we have
for any feasible path, where the last equality follows from the homogeneity of F . Then, given lim k→∞ F k (k, l) = 0 by Assumption 4, it follows from Theorem 1 in Brock and Gale (1969) that lim sup t→∞ (C t ) 1/t ≤ ζη for any feasible path. This implies that for any κ > 1,
The righthand side of this inequality is finite if (ζηκ) θβ < 1. Because κ is chosen arbitrar ily, this means that Assumption 5(a) is satisfied if
Interestingly, (22) is also sufficient for Assumption 5(b). To see this, suppose θ < 0 and consider a path in which every variable grows at the same rate γ < ζη from period t = 2 onward. Along such a path,
for each t ∈ Z ++ . As F is homogeneous of degree one, we have
for a sufficiently large
++ , we can choose any positive B 1 /K 1 with C 1 > 0 because we assume the full depreciation of capital. The associated total utility is then
as long as γ θβ < 1. This is consistent with γ < ζη if and only if (22) holds. Asβ is given by (4), we have proved the following proposition.
Proposition 2.2. Under Assumption 6, there exists an optimal policy function of the problem
This policy function also solves the problem (14) .
The sufficient condition (26) is simpler and much easier to check. Moreover, somewhat surprisingly, this condition is not only sufficient, but also necessary if the solution is to be a balanced growth path, which we see in the following section.
Balanced growth path
We are now ready to show the existence of the balanced growth path and discuss its prop erties. As mentioned earlier, our discussion revolves around the deterministic formulation (18) rather than the original stochastic formulation (14) . However, before presenting the analysis, it will be useful if we clarify how the results of this section can be interpreted in the stochastic formulation.
As far as the growth rate is concerned, the optimal paths of the two formulations are identical, except for the periods when a historical disaster hits the economy. To see this, let {C t } ∞ t=1 be the optimal consumption path induced by the deterministic model and put γ t := C t+1 /C t for each t ∈ Z + . As the two formulations of the model share the same policy function, their optimal paths exactly coincide until a historical disaster occurs. Sup pose the economy then experiences a historical disaster at the beginning of period t. While this affects the level of each capital available in that period, the ratio is unaffected because
Given that the graph of the transition correspondence is a cone, this implies that the optimal path of ratio {K t /B t } ∞ t=1 remains the same whatever the realization {D t } ∞ t=1 of the disaster history will be. Consequently, the associated realization {C o t } ∞ t=1 of the optimal consumption path in the stochastic model is given by
The stochastic consumption growth rate is hencê
for any {D t } ∞ t=1 and for each t ∈ Z ++ . Therefore, in the stochastic formulation, the optimal growth rate drops by 1 − α upon each historical disaster, but otherwise the growth rate is characterized exactly as in the deterministic model.
Balanced growth rate: existence and comparative statics
Let us move on to the analysis of the balanced growth path. Throughout the section, we maintain Assumption 6. We also suppose that Assumption 5 is satisfied so that the opti mal solution exists. Noting that F is homogeneous of degree one, we can write the Euler equations associated with the deterministic problem (18) as
whereγ t := C t+1 /C t is the consumption growth rate andk t is the capital-labor ratio in the final goods sector, which is defined bŷ
Solving forγ t yieldsγ
wherek t follows the dynamical system
Denote byk ss the interior steady state of the dynamical system (32), namely,k ss is implicitly defined by
Under Assumption 6,k ss exists and is unique. Letγ ss be the associated consumption growth rate, which, by (31) and (33), is expressed aŝ
This is the growth rate along the unique balanced growth path of the model, as shown in the following proposition. 
The balanced growth rate is given by (34).
Proof. It is clear from (31) that the optimal consumption growth rateγ t is constant if and only ifk t is constant. Hence, the first assertion follows from the existence and uniqueness ofγ 
Combined with (34), this yields the inequality (35).
It is worth mentioning that (35) coincides with the sufficient condition (26) discussed earlier. This means that the condition (26) is not only sufficient, but also necessary, for the existence of the optimal solution if the solution is to be a balanced growth path. This finding remains valid for any production function F as long as Assumption 6 is satisfied. Accordingly, we hereafter assume (26) instead of Assumption 5.
Given that the balanced growth rateγ ss is expressed as a function of the model's primi tives, it is now straightforward to see how the frequency and magnitude of different types of disasters affect economic growth in the long run. Some simple algebra reveals
Moreover, it is immediately clear from (34) that the balanced growth rate is independent of δ. Therefore, we have proved the following proposition.
Proposition 3.2. The balanced growth rateγ
ss is increasing in ζ, but is not affected by δ. When θ > 0, the growth rate is increasing in α and decreasing in λ. Conversely, when θ < 0, the growth rate is decreasing in α and increasing in λ.
Several remarks are in order. First, the balanced growth rate is negatively affected by the destructive magnitude 1 − ζ of periodic disasters on effective labor. Humantargeted periodic disasters decrease the effective productivity in the human capital sector. Because human capital is the longterm growth engine, this diminishes the balanced growth rate. This result quite intuitively indicates that the balanced growth rate is likely to be smaller in a country where humanrelated resources are vulnerable to periodic disasters.
Less intuitive is the finding that as long as the damage is restricted to the stock of physical capital, periodic disasters do not affect the longrun growth rate at all. One possible impli cation of this is that protecting humanrelated resources against periodic disasters is more important than physical capital protection. This is not only from a humanitarian viewpoint, but also because we can sustain a higher growth rate in the long run. Also, we could view this result as an explanation for recent empirical findings. Our result is based on the optimal solution and hence is only applicable to the case where every resource is efficiently allocated across different sectors. However, suppose, for instance, that physical capital is inefficiently overinvested. Then, because the degradation of physical capital is at the least not harmful, a higher frequency of physically destructive disasters is likely to improve the growth rate. This observation is largely consistent with the suggested explanation for the empirical result of Skidmore and Toya (2002) .
The role of historical disasters is somewhat mixed. Depending on the sign of θ, the risk of historical disasters can increase or decrease the longrun growth rate. This is primarily be cause of the consumptionsmoothing motive. Recall that a smaller value of θ implies a lower elasticity of intertemporal substitution and hence facilitates savings today if sudden declines in future consumption are expected. This precautionary saving is particularly relevant when the expected decline of future consumption is larger (i.e., when α is smaller and λ is larger). In the face of potential disasters, however, there is another motive that rather discourages savings today. Saving for future consumption means putting a large amount of resources at risk, which makes it reasonable to consume more today. This makes sense, especially when the expected historical disasters are highly destructive and the risk is evident. Hence, these distinct motives counteract each other and the relative strength is naturally determined by θ. When θ < 0, for instance, people are not very elastic in terms of intertemporal substitu tion and, as a result, the consumptionsmoothing motive dominates. This is another case in which the longrun growth rate is positively correlated with the magnitude and frequency of disasters. 9 However, let us mention that the comparative statistics in terms of α and λ require careful interpretation. As stated at the beginning of this section, the realized growth rate of the original stochastic model will deviate fromγ ss once a historical disaster affects the economy. In other words, the direct impact of historical disasters is not included inγ ss . The balanced growth rate responds to α and λ only because disasters might happen in the future. This approach is reasonable if we are interested in the longrun growth rates of disasterprone countries over the period of no historical disasters. This period can be quite long, even as long as a century, when the historical disaster in question is a onceinalifetime event as is the case with huge earthquakes. 10 If the direct impact of disasters is the issue of interest, we need to work with the stochastic balanced growth rate in some way. One possible way to deal with this is to use the average of the stochastic balanced growth rate. The longrun average growth rate is given by 9 It may seem strange that a larger magnitude of historical disasters can increase the growth rate, even when λ is close to 1. If λ = 1, a historical disaster occurs with certainty in every period, which can be regarded as a form of capital depreciation. In other words, as λ → 1, our disaster model converges to the standard growth model where capital stocks depreciate by the amount of 1 − α. Because capital depreciation always lowers the growth rate in the standard growth model, one could expect thatγ ss is always increasing in α when λ is sufficiently close to 1. As mentioned earlier, however,γ ss is the balanced growth rate in those periods when historical disasters do not affect the economy. When λ = 1, there is no such thing as a period with no historical disasters. The observed discontinuity is thus natural. 10 An obvious example of such disasters is the 2011 Tohoku earthquake in Japan. Large earthquakes of a comparable scale had only hit the Tohoku area in 390 BC, 430 AD, 869 AD, and 1500 AD before the region experienced its most recent disaster.
where #(T ) is the number of historical disasters experienced up until period T .
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Notice that we consider the actual occurrences of historical disasters here. Partially differentiating this yields ∂α
and ∂α
(43) implies that there is some threshold θ o α < 0 such that
since, when θ < 0, θα
is strictly increasing 12 and
As for (44), it is verified that
Here we used
12
The strict incrasiness is verified from the followings:
We utilize the extreme point of
ln α satisfies at the extreme point
and, since λα θ + (1 − λ) > 1 for θ < 0, we have
That is, ∂α λγss ∂λ < 0.
The average balanced growth rate will be unambiguously lower given the larger magnitude of historical disasters. It is still possible, however, that the average growth rate has a positive correlation with the frequency of historical disasters. This can be the case if the magnitude of disasters is relatively small (i.e., α is close to 1) and the economy has a low elasticity of intertemporal substitution (i.e., θ < 0).
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Another interesting point to note is that if λ is sufficiently close to one, the average balanced growth rate α λγss is negatively inuenced by a higher frequency of historical disasters, regardless of the sign of θ. To see this, assume θ < 0 and define
on the domain of (0, 1). At λ = 1, the signs of (44) and (45) coincide. Notice f (1) = 0 and f
Therefore, we have f (α) < 0 for all α ∈ (0, 1). Then the claim follows from the continuity of α λγss in λ.
Resource allocation
Aside from the growth rate, we are also interested in how longrun resource allocation is inuenced by the risk of disasters. It might be suggested that in the presence of potential dis asters, we should reallocate resources from one sector to another. A particular type of capital might be more actively invested in than the other. Disasterdriven intertemporal reallocation is also of interest. A better understanding of these variablewise impacts will clarify through which channel the longterm growth rate is affected by disasters and highlight which as sumptions play a major role. In addition, the comparative statics results themselves provide a number of testable hypotheses for future empirical research.
Let us begin withk ss , the capital-labor ratio employed in final goods production. As F k is decreasing by Assumption 6, it is immediately clear from (33) thatk ss is increasing in δ and decreasing in ζ. This result simply follows from the standard substitution effect. A larger magnitude of periodic disasters makes either physical or human capital relatively scarce, de pending on whether the disaster is targeted at physical or human capital. Historical disasters, on the other hand, do not affect the longrun capital-labor ratio in the final goods sector. This is an artifact of our assumption that historical disasters destroy both types of capital in the same proportion. Another assumption playing a role here is the linear homogeneity of the production function.
Perhaps more intriguing is the resource allocation between the final goods and human capital sectors. Along the balanced growth path, the raw labor input share n ss in the human capital sector may be written as
The comparative statics on n ss then directly follow from Proposition 3.2, except for ζ. This already indicates that the longrun growth rate is adjusted mainly through the reallocation of raw labor. To further investigate this point, let us focus on historical disasters and suppose that the elasticity of intertemporal substitution is relatively small. 14 We know from Proposi tion 3.2 that a higher frequency of historical disasters will then result in a higher economic growth rate in the long run. What is shown by (46) is that this is achieved by pulling raw labor out of the market and increasing the fraction of time spent developing human capital. In other words, as long as the economy is less elastic in terms of intertemporal substitution, the risk of historical disasters puts more emphasis on human capital. We can see this most 14 The inuence of periodic disasters in resource allocation involves more subtleties than one might expect. In Appendix A.3, we provide the comparative statics of each variable in detail.
clearly if we look at the composition of physical and human capital, expressing the ex post capital composition as
Becausek ss is independent of α and λ, this shows that the reaction of capital composition to historical disasters is also parallel to the behavior of the balanced growth rate. This finding is not trivial because, unlike periodic disasters, historical disasters affect both types of capital in the same manner.
It is worth noting that disasters inuence the intertemporal resource allocation as well as the intratemporal resource allocation. A variable that deserves attention in this regard is the savings rate. Along the balanced growth path, the savings rate is given bŷ
Again, as far as historical disasters are concerned, the comparative statics ofŝ ss andγ ss co incide. This indicates that intertemporal consumption reallocation is another major driver behind the disaster-growth relationship. This finding is particularly important when the em pirically observed correlation is interpreted. As we have seen, longrun economic growth can be boosted by the risk of disasters. This can be a consequence of the unintended upgrade of otherwise inefficient physical capital or the facilitation of human capital investment. How ever, these explanations are only part of the story. The positive correlation between growth and disasters can also follow from the precautionary saving, which would not be necessary in the absence of potential disasters. If this is the case, then the high economic growth rate can only be achieved at the cost of suppressed consumption by the present generation.
In fact, it is straightforward to see that a greater magnitude or a higher frequency of dis asters implies a lower level of welfare. In other words, the welfare implications of disasters are unambiguously negative. An important implication of our findings is therefore that dis aster prevention efforts are crucial for people's welfare, in spite of the fact that the longterm economic growth rate may be lowered by such efforts.
Transition phase
In this section, we turn to the economy off the balanced growth path and characterize its be havior. Those interesting properties we have identified in the preceding section have particu lar relevance if the economy converges to the balanced growth path. Moreover, the transition dynamics are of interest in their own right because the economy may still be in transition to its longrun equilibrium.
To facilitate the discussion, we specify the production function to be of the constant elasticity of substitution (CES) form.
Assumption 7.
The production function F is given by
for some ξ ∈ (0, 1) and σ ∈ (0, ∞) \ {1} such that
While the CES class of production functions has many desirable properties, it does not satisfy the Inada conditions, 15 which we use to ensure the existence of the unique balanced growth path. This can be easily remedied if we introduce the parametric restriction (50). We hereafter replace Assumption 6 with Assumption 7. Then, the balanced growth path exists if and only if (35) is satisfied, which we assume throughout this section.
Letγ t := C t+1 /C t be the growth rate of consumption andk t be the effective capital-labor ratio defined by (30). The optimal solution satisfieŝ
which means that the behavior ofγ t is completely characterized by the dynamics ofk t . As F k is monotonically decreasing ink t , this is a onetoone relationship. Recall that the dynamics ofk t is governed by (32), which may now be written aŝ
Observe that the capital-labor ratiok ss at the unique balanced growth path is determined bŷ 15 Inada conditions hold only if σ = 1, i.e., Cobb-Douglas production function. Otherwise
Because F is increasing and concave with F (0, 1) > 0, we then have
This implies that for any initial valuek 0 > 0, the path {k t } ∞ t=1 governed by (52) monotoni cally converges tok ss . Therefore, we have proved the following. The dynamics of the economy off the balanced growth path is hence characterized as a monotonic transition to the longrun equilibrium. Observe that this stability result is shared by the stochastic formulation as well. By (27), the stochastic growth path {γ
for any realization {D t } , where D is a random variable following the Bernoulli process. Hence, our characterization of the economy based on the deterministic formulation is justified, not only along the balanced growth path, but also in the transition phase. The convergence itself is not affected by historical disasters.
What then about periodic disasters? As it turns out, periodic disasters affect the speed of convergence in a nontrivial manner. We demonstrate this fact by considering two dis tinct economies with different magnitudes of periodic disasters. Each economy, indexed by i ∈ {A, B}, is characterized by the set of parameters
be the path of the consumption growth rate of economy i. Our interest is in which of the economies more quickly converges to the balanced growth path when they are different with respect to (δ i , ζ i ). As the balanced growth rate (34) depends on ζ, each economy in general converges to a different balanced growth rate, which we denote byγ 
for every t ≥ 2. We are now ready to state our final proposition. so that the two economies converge to the same balanced growth rate. As these economies are comparable, their initial growth rates are also identical. Then Proposition 4.2 shows that an economy with a larger magnitude of physically destructive disasters converges faster as long as the two inputs in the production function are substitutes. Suppose, for instance, that the growth rate of an economy is initially smaller than the balanced growth rate. In the process of transition to the balanced growth path, this economy can achieve a higher growth rate when physical capital is more likely to be destroyed by disasters. This result provides yet another explanation for the observed correlation between disaster frequency and the long run growth rate. But yet again, we should interpret this finding carefully because the welfare implications of disasters are always negative. Apart from the relative magnitude of periodic disasters, what also matters is the substi tutability between physical capital and effective labor in final goods production. A greater magnitude of physically destructive disasters forces the economy to shift the focus from physical capital to human capital. When the two inputs are substitutes, the productivity decline from the lower level of physical capital is made up for by the accompanying im provement in labor productivity. In this case, reallocating resources from physical to human capital will not significantly affect perperiod production. A stronger emphasis on human capital then bumps up the growth rate during the transition phase to the longrun equilib rium. This is not possible when the two inputs are complements. If both inputs are essential for final goods production, the degraded physical capital cannot be easily compensated for by developing human capital, which results in a lower growth rate along with the associated welfare loss.
Concluding remarks
A growing number of empirical studies have investigated the economic consequences of disasters. Based on empirical evidence, it has been argued that disasters may have positive impacts on the economy in the long run. However, despite its potential importance, little is known about the formal mechanism underlying these empirical observations. In this paper, we attempted to fill this gap by providing a general framework for disaster analysis that can be used for a wide range of economic models. By applying the framework to a two sector endogenous growth model, we demonstrated how standard growth theory can be made consistent with these empirical findings. Likewise, our extensive analysis of the balanced growth path, together with the characterization of the transition phase, provided a number of novel insights.
First, if the damage is restricted to physical capital, disasters will not affect the longrun growth rate as long as the resources are efficiently allocated. If some inefficiency remains in the economy, those disasters that primarily destroy physical capital are likely to boost eco nomic growth. Second, even if no inefficiency is involved, physically destructive disasters can improve the economic growth rate when the economy is still in transition to the longrun equilibrium. This is because the associated change in relative return forces us to put more emphasis on human capital. An important caveat is that reallocating resources from physical to human capital may only achieve a higher growth rate when the two inputs are sufficiently substitutable. Third, the unpredictable nature of disasters plays an important role. Given the risk of disasters, a precautionary policy emerges, depending on the elasticity of intertemporal substitution. The best available evidence suggests that high and low elasticities of intertem poral substitution are both possible (Hall, 1988; VissingJorgensen, 2002 . Observationally, such a precautionary policy is accompanied by faster human capital accumulation and a higher savings rate.
An important policy implication of our analysis is that the higher growth rate result ing from disasters does not necessarily imply a welfare improvement. In fact, unless it is achieved by removing inefficiency in the economy, the welfare implication is unambigu ously negative. Chances are that multiple channels are at work simultaneously. Therefore, it would be interesting to test which of the possible channels identified in this paper is a dominating factor behind the observed disaster-growth relationship.
A.3 More on the comparative statics
Here we report the comparative statics results of n 
where ε ss is the capital elasticity of marginal productivity at the steady state, namely,
Hence, we have ∂(K/B)
if θ > 0 or 1/ε ss > θ/(1 − θ). Otherwise, the sign is reversed. Finally, from (48), we have lnŝ ss = lnγ ss + lnk ss − ln F (k ss , 1) − ln δ, 
A.4 Proof of Proposition 4.2
To ease the notation, defineŷ 
for each i ∈ {A, B}. Observe first that path {γ 
for each i ∈ {A, B}.
To prove the proposition, we combine the following two lemmas. 
Proof. Observe first thatŷ
where we use (31), (32), and (34) for the first equality. The second equality follows from ∂F/∂k = ξ(F/k)
Alternatively, combining (81b) and (52) yieldŝ
Then, by (82) and (83),
Use ( 
whereŷ :=ŷ 
Continuing in the same fashion for each t, we obtain 1 <ŷ 
